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In this talk: 

What is this low-Re coherent structure? 

•  What 3D structure? 

•  What physical mechanism? 
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Volumetric measurements 

pulsed laser 

fast scanning system

xz plane

u, v, w, ρ (x, y, z, t)in !  successive planes        construct 3D volumes  
                                     

          vector yield ~                                                          / experiment

i = 1, …, 30

4 × 500 × 30 × 100 × 300 ∼ 2 × 109

Stereo Particle Image Velocimetry 
                        + 
Planar Laser Induced Fluorescence

u, v, w, ρ (x, yi, z, ti)

yz plane

Partridge, Lefauve & Dalziel (2019)
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3D structure: isosurfaces 
Nessie!

The Loch Ness monster

™ (Stuart Dalziel)



Adrien Lefauve (DAMTP, Cambridge)

Mechanism: the Holmboe instability

• Idealised 1D profiles:

 10

Baines & Mitsudera (1994), Caulfield (1994) 
Carpenter et al. (2013)



Adrien Lefauve (DAMTP, Cambridge)

Mechanism: the Holmboe instability

• Idealised 1D profiles:

 10

u(z)

Baines & Mitsudera (1994), Caulfield (1994) 
Carpenter et al. (2013)



Adrien Lefauve (DAMTP, Cambridge)

Mechanism: the Holmboe instability

• Idealised 1D profiles:

 10

Rayleigh  
vorticity waves

u(z)

Baines & Mitsudera (1994), Caulfield (1994) 
Carpenter et al. (2013)



Adrien Lefauve (DAMTP, Cambridge)

Mechanism: the Holmboe instability

• Idealised 1D profiles:

 10

• Dispersive waves: at 
some λ, phase 
speeds are equal  

         waves interact,        
    ‘lock’ and become  
    unstable

Rayleigh  
vorticity waves

u(z)

Baines & Mitsudera (1994), Caulfield (1994) 
Carpenter et al. (2013)



Adrien Lefauve (DAMTP, Cambridge)

Mechanism: the Holmboe instability

• Idealised 1D profiles:

  Kelvin-Helmholtz instability 
          (stationary)  

suppressed by buoyancy forces

 10

• Dispersive waves: at 
some λ, phase 
speeds are equal  

         waves interact,        
    ‘lock’ and become  
    unstable

Rayleigh  
vorticity waves

u(z)

Baines & Mitsudera (1994), Caulfield (1994) 
Carpenter et al. (2013)



Adrien Lefauve (DAMTP, Cambridge)

Mechanism: the Holmboe instability

• Idealised 1D profiles:

  Kelvin-Helmholtz instability 
          (stationary)  

suppressed by buoyancy forces

 10

• Dispersive waves: at 
some λ, phase 
speeds are equal  

         waves interact,        
    ‘lock’ and become  
    unstable

ρ(z)

Rayleigh  
vorticity waves

u(z)

Baines & Mitsudera (1994), Caulfield (1994) 
Carpenter et al. (2013)



Adrien Lefauve (DAMTP, Cambridge)

Mechanism: the Holmboe instability

• Idealised 1D profiles:

Interfacial  
gravity waves

  Kelvin-Helmholtz instability 
          (stationary)  

suppressed by buoyancy forces

 10

• Dispersive waves: at 
some λ, phase 
speeds are equal  

         waves interact,        
    ‘lock’ and become  
    unstable

ρ(z)

Rayleigh  
vorticity waves

u(z)

Baines & Mitsudera (1994), Caulfield (1994) 
Carpenter et al. (2013)



Adrien Lefauve (DAMTP, Cambridge)

Mechanism: the Holmboe instability

• Idealised 1D profiles:

Interfacial  
gravity waves

Holmboe instability 
      (travelling) 

enhanced by buoyancy forces

  Kelvin-Helmholtz instability 
          (stationary)  

suppressed by buoyancy forces
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• Dispersive waves: at 
some λ, phase 
speeds are equal  

         waves interact,        
    ‘lock’ and become  
    unstable
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Baines & Mitsudera (1994), Caulfield (1994) 
Carpenter et al. (2013)



Adrien Lefauve (DAMTP, Cambridge)

• Classical analysis: 

1. Assume: 

 11

u = U(z) + ε [ ̂u(z)
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ŵ(z)] exp(ikx + σt) z ∈ (−∞, + ∞)

+ 2D perturbations                   in infinite domain 1D base  
   flow

0 < ε ≪ 1

Mechanism: the Holmboe instability Holmboe (1962)



Adrien Lefauve (DAMTP, Cambridge)

• Classical analysis: 

1. Assume: 

 11

u = U(z) + ε [ ̂u(z)
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• This does not apply to 2D base flows and confinement by boundaries! 
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+ no-slip condition at walls
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u = U(y, z) + ε
̂u(y, z)
̂v(y, z)

ŵ(y, z)
exp(ikx + σt) (y, z) ∈ [−1,1] × [−1,1]

ρ = R(z) + ε ̂ρ(y, z) exp(ikx + σt)

U(y, z)Experimental mean flows: R(z)

+ no-slip condition at walls
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3D linear stability: theory vs experiment

Growth rate

Phase speed

Theory: unstable Holmboe mode Experiment: spatio-temporal diagram:

 13

σr

k = 1.32
c = − 0.21

c

c ∈ [−0.20, − 0.08]
k ∈ [1.05,1.80]vs
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ŵ(y, z)
exp(ikx + ϕ)

0 < ε ≪ 1



Adrien Lefauve (DAMTP, Cambridge)

3D linear stability: theory vs experiment
Theory: unstable Holmboe mode Experiment: spatio-temporal diagram:

u = U(y, z) + α
̂u(y, z)
̂v(y, z)
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Summary

• The Stratified Inclined Duct experiment sets 

     up a canonical stratified shear flow 

• Volumetric measurements reveal that these flows 

exhibit various 3D coherent structures which are 

increasingly complex as Re is increased 

• The low-Re structure results from the saturation of 

a confined Holmboe instability, predicted by a 

3D stability analysis on the measured mean flow 

More details in:  Lefauve, Partridge, Zhou, Caulfield, Dalziel & Linden 
                            Journal of Fluid Mechanics 848 : 508-544 (2018)


